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A Statistical Treatment  of Superlattice Relexions 
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(Received 31 October 1952) 

By considering the ratio of the intensities of weak superlattice reflexions to those of ordinary 
reflexions, averaged over limited ranges of Bragg angle, an estimate has been obtained for the 
r.m.s, magnitude of the atomic displacements from the pseudo-structure which give rise to the 
weak reflexions. 

In troduc t ion  

In X-ray photographs it is often observed that  certain 
classes of reflexion are systematically much weaker 
than the remainder. This phenomenon is ascribed to 
the existence in the crystal of pseudo-symmetry and 
the crystal can be considered as having, to a first 
approximation, the smaller cell and simpler structure 
found by neglecting the weak reflexions. The exact 
structure may then be obtained by distorting the 
approximate structure to give the extra reflexions 
observed. The latter process is generally difficult and 
time-consuming in proportion to the value of the in- 
formation obtained, but it is nevertheless useful to 
know roughly how near a pseudo-structure is to the 
true structure. 

A method for estimating the r.m.s, displacement 
necessary to give rise to extra reflexions of a given 
relative intensity has been developed, based on the 
ratio of the mean intensities of super-lattice and 
ordinary reflexions over the same ranges of Bragg 
angle. 

P s e u d o - h a l v i n g  of c d i m e n s i o n  

Consider a particular case, frequently encountered, in 
which odd-order layer lines when the crystal is rotated 
about the c axis are very weak. This implies that  the 
true unit cell is divided by the plane z = ½ into two 
very similar parts. The differences between the parts 
could be of two types: 

(a) Difference in atomic contents, i.e. more elec- 
trons in one half than in the other; for example, a 
mixed Mg/Ca salt might have the same structure in 
each half cell but have Mg and Ca ions occurring in 
alternate half cells. This type of difference can be 
recognised from the constancy of the ratio of the mean 
intensity of superlattice reflexions to the mean 
intensity of other reflexions for all ranges of 0. As- 
suming unitary scattering curves, the ratio will be 
roughly (N1-N2)2/(NI+N2) 2, "where N 1 and N 2 are 
the numbers of electrons in the two halves. 

(b) Differences in atomic positions. This case is 
treated in some detail below. 

The two classes are not mutually exclusive and (a) 
will generally imply (b) to a slight extent. 

Effect  of d i s tor t ions  

Let H represent the reciprocal-lattice vector (ha*+ 
kb*+lc*) and r~ the position vector (xa+yb+zc) of 
the j t h  atom in the full cell. Suppose first the two 
halves of the cell are identical; that  is, take the 
pseudo-structure. Corresponding to each atom at rj 
there will be an identical atom at rj+½c. The struc- 
ture amplitude for those reflexions for which 1 = 2n 
is given by FR = 2: f j  exp [2~i(H.rj)], the summa- 

tion being carried over the atoms in both half-cells. 
For reflexions with "l # 2n, F~ = 0. If now the atoms 
are given a set of small displacements r, then 

F• + 6Fn = ~,f j  exp [2~ri (H. rj)] exp [27d (H. ~r~)]. 
J 

When the components making up FH are represented 
on an Argand diagram in the usual way, it can be 
seen that  the effect of introducing the small displace- 
ments is to rotate the j t h  vector through an angle 
27~(H.Srj). I t  is apparent, also, that  the mean in- 
tensity of a group of reflexions for which l = 2n is 
unaltered by slight changes in atomic coordinates. 

On making the displacements, reflexions with 
l # 2n, which were previously extinguished because 
vectors occurred in mutually cancelling pairs, will 
appear with small amphtudes, since members of pairs 
of vectors will be rotated out of coincidence leaving 
small resultants. The contribution of each vector will 
be fj60 = 2fjH. ~r~, and these contributions will have 
the same angular distributions (except for a rotation 
of 90 °) as large reflexions with the same value of H, 
that  is, with the same Bragg angle. Therefore, in- 

dividual amplitudes bear the same relationship to the 
resultant amplitudes in the two cases, and hence the 
ratio of the mean intensity of a group of ordinary 
reflexions to that  of a group of superlattice reflexions 
averaged over the same small range of 0 values is 
1/4~2(H. 6r~) 2 -- R. 

(H. (Srj)2 = H 2. (~rj) 2. cos ~ ~, where q is the angle 
between H and 6r# Unless there is evidence to the 
contrary, all directions for H and 6r~ may be assumed 
to be equally probable. The mean value of cos 2 0 is 
therefore ½; the r.m.s, value of H is d* and the r.m.s. 
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value of Orj is Or, the quan t i ty  which it  is required 
to est imate.  Hence R = 1/(d*Or)22z ~ or R d  *~ = con- 
s tant  = 1/27~Or 2. 

Example  of pseudo-halving 

For the tr igonal crystals of fl-Ca3(P04) ~ reflexions with 
1 odd are weak, and the ratio R (mean in tens i ty  of 
reflexions wi th  l even divided by mean  in tens i ty  of 
reflexions with 1 odd) was found to va ry  with d* as 
follows" 

d* (A -~) R Rd *~" 

0"26-0"39 30 3"2 
0"39-0"52 7"3 1"5 
0"52-0"65 10"l 3"4 
0"65-0"78 6"6 3"4 
0"78-0"91 6"8 4"8 
0-91-1-04 4"8 4"5 
1"04-1"17 5"1 6"2 

R is thus  seen to follow very  approx imate ly  the  ex- 
pected law, R d  .2 having  the value of about  5. This 
gives 0" 1 A for the r.m.s, displacement  from the pseudo- 
structure.  This conclusion can be checked in the 
following way. 

Quantitative check 

Booth (1945) has shown tha t  there is a relat ionship 
between the rel iabi l i ty  index R 2 = Z( [Fo[ -  [Fcl)2+XF~ 
and  the r.m.s, error of the  atomic coordinates. 

Compare two structures:  (a) the real s tructure of 
/~-Caa(P0a) 2, and  (b) a hypothe t ica l  s tructure so con- 
s tructed as to give perfect agreement  with those 
observed reflexions which have  1 even and to give 

zero amph tude  for all  reflexions with 1 odd. Then the  
observed ampl i tudes  of fl-Caa(PO4) 2 can be inserted 
into the above expression for R~ as Fo and  the same 
ampli tudes  for reflexions with 1 even also serve as Ft. 
When  1 is odd 2'c will be zero. This gives 

, ~  (]Fol-.IFcI)2+ .~  ( IFol - ]Fd)  2 
R 2  = / e v e n  l odd 

all  l 

= .~, F P o / Z F P o = O . 1 7 .  
odd l al l  l 

Booth's  table  gives for this  value of R 2 the r.m.s. 
d isplacement  of 0.09/~, which will be tha t  error which, 
when applied to all coordinates in the  pseudo-struc- 
ture, will produce an  R 2 value of 0-17. 

Conclusion 

The agreement  obta ined is bet ter  t han  would be 
expected considering the var ia t ions in R d  .2 actual ly  
found. 0.I A is quite a large r.m.s, d isplacement  and 
a t r ial  of the  method  on a s t ructure with perhaps  
0.01 J~ displacements  would afford a more critical 
test. The method,  or its var iants  to suit special cases, 
is, however, considered as a possible supplement  to 
Booth 's  methods  of es t imat ing residual  displacements.  

The work described forms par t  of a thesis approved 
by  the Univers i ty  of London for the  Ph.D. degree. 
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Morphologie  und Struktur des Reddingits ,  PpOs. 3 FeO.  3 HpO. Von P. EW~SEE~M und W. KLEBE~, 
Abteilung f i ir  Kristallstrukturlehre am Mineralogisch.Petrographischen Insti tut  der Universitdt, Bonn, Deutschland 

(Eingegangen am 28. Oktober 1952) 

Ffir die Untersuchung standen einige gut ausgebildete 
Reddingitkristalle yon Hagendorf (Pfiilzer Wald) zur 
Verffigung. Morphologisches AchsenverhKltnis: 

a/b = 0,864-b0,001, c/b ---- 0,945=t=0,001; 
(0,863:1:0,942 nach Steinmetz (1926) u n d  Steinmetz 

& Laubmann (1920)). 

Die morphologische Diskussion des Formsystems 
lieferte folgende Rangordnung: 

(010), (001), (100), (101), ( l l l ) ,  (120), (212), (221), (012), 
(113), (322), (211), (011), (112), (301), (223), (121), (232), 
(201), (102), (103), (332). 

Nach Donnay & Harker (1937) wurde auf Grund des 
morphologischen Aspektes die Raumgruppe P c m b - D ~  
ermittelt  (vergl. auch Kleber (ira Druck); Fig. 1). 

Die Strukturbestimmung wurde mit  Hilfe yon Dreh- 
kristall- und Weissenberg- Aufnahrnen durchgeffihrt 
(Co Ka,  Cu Ka). Gitterkonstanten: 


